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In this article we present a method for the on-line identijkation and modeling of full 
profile disturbance models for sheet forming processes. A particular principal compo- 
nents analysis technique called the Karhunen-Lo2ve expansion is used to adaptive4 
identih the significant features of the profile. In addition, we show how the temporal 
modes of the reconstructed profile can be modeled using low-order linear autoregressive 
(AR) processes. By simulation examples, the effect of the order of the AR model is 
studied, as well as the window size of the data used in the on-line application of the KL 
expansion, the effect of data weighting, the importance of the correct selection of the 
number of modes, and the frequency of updating the parameters of the AR models. 
Identified disturbance models can be easily incorporated into model-predictiw control 
algorithms. 

introduction 
Continuous sheet forming appears in many manufacturing 

processes including metal rolling, polymer film extrusion, 
coating, fabric dyeing, and paper making. In all these indus- 
trial applications the ultimate objective is to maintain certain 
properties under tight and uniform control across the sheet. 
For example, in paper machines, one is interested in control- 
ling the basis weight, moisture and caliper of the paper sheet 
as uniformly as possible. Similarly in film processing, metal 
rolling and coating, thickness control is important. Finally, in 
textile dyeing processes, minimization of shade variation 
across the fabric surface is a major problem. Poor control of 
continuous sheet forming processes leads to unacceptable 
variability in product quality, significant energy and raw ma- 
terial losses, and production of off-spec materials. With 
tighter quality requirements and large quantities of “sheet” 
production by various process industries, the added value of 
any improvement in monitoring and control systems is quite 
apparent. 

In this work we address the problem of building disturb- 
ance models which can be used for full profile control of con- 
tinuous sheet forming processes. In the present context full 
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profile refers to the evolution of the sheet properties in 2-D, 
that is, spatially across the sheet and temporally along the 
direction of the movement of the sheet. Due to our experi- 
ences with pulp and paper processes, we will use the paper 
machine as an example to illustrate the concepts and our ap- 
proach without any loss of generality. In a paper machine, 
the sheet properties vary both in the direction along which 
the paper moves (machine direction or MD), and the direc- 
tion across the width of the machine (cross direction, CD). 
These properties are measured either by a fixed array of op- 
tical sensors or by a scanner mounted on a carriage which 
moves back and forth in the cross direction (see Figure 1). In 
the case of an array of sensors, one has access to the full CD 
profile at each sampling time while only a partial zig-zag pro- 
file of the sheet is available via a scanner. In a typical ma- 
chine, it is not uncommon to have hundreds of CD measure- 
ment points per scan resulting in large data sets. 

To effectively control the sheet properties of interest, one 
needs to adequately model the disturbances that affect the 
system. Early attempts have assumed that the disturbance 
profile can be separated into three components: an MD-only, 
a CD-only, and a residual. Furthermore, the variance of those 
three terms was assumed to be independent from one an- 
other, and MD and CD components were controlled sepa- 
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In this work, we are not addressing the issue of how the 
actuators are mapped to the measured profile. Instead, we 
assume that we are given a model that perfectly describes the 
relation between the actuators and the outputs, and generate 
the disturbance profile by subtracting the effect of the actua- 
tors from the measured profile. 

An outline of the KL expansion is provided which focuses 
on the on-line implementation of this method. This tech- 
nique is applied to typical disturbance profiles to illustrate 

Figure 1. Property profile measurement alternatives. 

the effects-of various-parameters, such as the window size of 

weighting of the data, the selection criterion for the number 
of modes, and the order of the AR models used. 

rateb (Wilhelm and W d ,  1983; Wilhelm, 1984; 1991). the data onto which the expansion is applied on-line, the Adopting the traditional assumption that CD changes occur 
more slowly than those of MD, Wang et al. (1993b) proposed 
an algorithm to estimate basis weight and moisture content 
variations from scanned measurements using a Kalman filter 
with an exponential resetting and forgetting algorithm. The 
same authors also implemented their estimator using fixed 
array sensors and noted the potential advantages (Wang et 
al., 1993a). The recent work of Tyler and Morari (1995) dis- 
cussed the effects of the scanning rate and the noise charac- 
teristics on the CD profile estimation using a Kalman filter 
based on the “lifting” approach. Chen (1992), Rawlings and 
Chien (19961, and Bergh and MacGregor (1987) also de- 
signed Kalman filters but they did not use the “lifting” ap- 
proach. 

This article differs and complements the works cited above 
in that its main objective is to identify disturbance models 
directly from available full profile data, whereas most of the 
existing literature assumes a disturbance model and tries to 
estimate the full profile. For this work, we assume that the 
full profile is measured by fixed array sensors. This new mea- 
surement technology (such as Francis et al., 1988; Anon., 
1993) is finding its way through many production facilities 
and offering an excellent opportunity to improve existing 
modeling, estimation, and control algorithms. If a scanner is 
used instead, then the proposed analysis would apply to the 
full profile after it is estimated from scanned measurements. 
Another very important distinction in the present work is that 
the emphasis is on the development of reduced-order mod- 
els. In sheet forming, whether working with scanners or sta- 
tionary sensors, one is confronted with large sets of corre- 
lated and noisy data which have to be efficiently managed 
during estimation and closed-loop control. In this work we 
are specifically interested in: (a) extracting from a large data 
set only the significant features of the underlying profile; (b) 
identifying reduced-order dynamic profile models to describe 
these features. 

The method we use is the Karhunen-Loke (KL) expansion 
which is a principal components analysis technique. With this 
statistical method, spatio-temporally varying disturbance pro- 
files are modeled by projecting the data onto a lower dimen- 
sional subspace spanned by orthogonal functions calculated 
directly from the data. The projection is performed in such a 
way that the dominant characteristics of the original profile 
are captured by the first few modes of the expansion. Thus, 
the method provides order reduction, feature extraction, noise 
filtering, and data compression. The time series of the coeffi- 
cients of expansion are modeled by autoregressive (AR) mod- 
els which provide P-step ahead predictions for the distur- 
bance profile. These predictions can then be used in a model 
predictive control algorithm where the controller responds 
only to the most relevant disturbance profile at any given time. 

Theoretical Background 
KL. expansion 

The KL expansion is a principal components analysis tech- 
nique applied to random processes. It was originally devel- 
oped in a probability space to expand random functions as 
linear combinations of orthogonal basis functions with uncor- 
related random coefficients (Karhunen, 1947; Lo?ve, 1963). 
For an excellent review of the topic, see Preisendorfer (1988) 
and references thereof. The technique has found many appli- 
cations, some of which are in pattern recognition and image 
analysis (Savoji and Burge, 1985; Ogawa and Oja, 1986), 
modeling and control of distributed parameter systems (Gay 
and Ray, 1988; Chen and Chang, 1992; Park, and Cho, 19961, 
model identification of catalytic surface reactions (Krischer 
et al., 1993), and low-dimensional modeling in turbulent flow 
(Berkooz et al., 1993; Sirovich and Everson, 1992). Here, we 
present only the pertinent features of the method. 

Define z ,  ( x , t )  as the wth realization of a random vector 
field where t and x denote the temporal and spatial de- 
pendencies, respectively. Next consider the deviation from the 
average 

where the ensemble average (.) is taken over the observed 
realizations. Z(x , t )  is the time-averaged z,(x,t). The KL 
analysis then considers the problem of finding an orthonor- 
ma1 basis set {4(”)(x)} such that for any N the Euclidean 
norm of the error 

(2) 

is minimized in an average sense, i.e., ( e N )  is minimum. As- 
suming ergodicity (that is, ensemble and temporal averages 
are the same), { @“)(x)} are the eigenfunctions of the integral 
equation 

The kernel K is defined by the two-point correlation matrix 
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where integration is done over a sufficiently long time. The 
temporal modes or the principal components {a,(t)} are cal- 
culated by projecting the data on the eigenfunctions or prin- 
cipal directions 

where (.) denotes the inner product. One important conse- 
quence of the KL expansion is that {a,(t)) are uncorrelated 

It also follows that the eigenvalues are given by A, = 
((i,t#d"))2). Consequently, each eigenvalue A, of the KL ex- 
pansion can be interpreted as a measure of the mean energy 
or variance explained along the direction of each eigenfunc- 
tion with the total mean energy E = C,A,. a,, is the Kro- 
necker delta. Having introduced the KL expansion, we can 
now adapt it to one class of sheet forming processes, namely 
the paper machine. 

Consider a paper machine with N CD positions. In the 
case of the array sensors we have access to N CD measure- 
ments taken in M time intervals or MD positions ( N  < M ) .  
These measurements are stored in a matrix Z of size N x M 
where each column vector contains the full CD profile corre- 
sponding to a particular MD position. In the case of the mov- 
ing scanner the data matrix Z is constructed similarly by re- 
placing the missing CD measurements with their estimates 
which can be obtained from an estimator. 

The first step in the KL procedure is to mean-center the 
data by subtracting the temporal average from each CD lane 
or row of Z to form a time-averaged matrix 2 with entries 

i M  

n = l ,  ..., N ;  k = l ,  ..., M (7) 

Then, the elements of the two-point spatial correlation ma- 
trix K are computed from 

r M  

Let now {4(")} be the set of eigenvectors of K (also called 
the spatial modes). n is the lane index. Then, the finite KL 
expansion of the data set over the finite sample space can be 
written as a linear combination of the eigenvectors of K, with 
the coefficients of the expansion being uncorrelated random 
variables on that space, that is 

where the column vector i ( k )  is the time-averaged full CD 
profile at time k. The temporal modes {a,} can be computed 
as 

This procedure essentially diagonalizes the correlation matrix 
of the original data since 

W K Q ,  = A = E{AA'} (11) 

where A is the diagonal matrix of eigenvalues of K; A = [a ,  
... a,]' and Q, =[#') .-. #")I. A is the matrix of temporal 
vectors; a, is the nth temporal vector. Equation 11 also shows 
that the temporal modes {ai} are uncorrelated as indicated 
earlier. 

The KL expansion has some additional properties that de- 
serve special attention. First of all, instead of using a prion' 
chosen basis functions, it uses the data set itself to determine 
a natural set of coordinates to analyze it. For this reason, the 
eigenvectors are often referred to as empirical orthogonal 
functions. Among the class of all linear decompositions, the 
KL method is optimal in the sense that the KL expansion 
Cf;= ,a,(k)#") on a subspace of lower dimension L < N re- 
tains the most average energy possible (Berkooz et al., 1993). 
In other words the % variance 100 X Cf;= , An/Ef=, A, is max- 
imized, where each eigenvalue represents the mean energy of 
its mode. In practical applications given a desired level of % 
variance (such as 90%), one can compute the number of sig- 
nificant modes necessary to meet the specified accuracy. The 
KL expansion including only the first L modes will extract 
the main features (to the given accuracy) from the data and 
projects to lower dimension "filters" the random noise along 
with other insignificant modes. In the literature such applica- 
tions of the KL method are all performed off-line to a given 
batch of data. In our work we implement it on-line in an 
adaptive fashion as described next. 

On-line implementation of the KL analysis 
For on-line implementation, the KL procedure needs to be 

automated and repetitively applied in order to take advan- 
tage of the new measurements becoming available at each 
sampling time. Also, old data should be discarded as their 
importance in predicting subsequent disturbance profiles is 
minimal, and may prohibit the KL method from quickly iden- 
tifying a change in the profile. Therefore, we use a trailing 
window estimator where at each sampling time k, the KL 
expansion is applied to a data matrix Z of size N X W where 
W denotes the number of past CD profiles contained in the 
moving window. From one sampling time to another, the data 
matrix Z is updated by incorporating the most recent data 
vector and dropping the oldest one, and the KL expansion is 
repetitively applied. The window size W is treated as a tun- 
ing parameter. Also, exponential weighting (spatially uni- 
form) can be applied to each column vector of Z to forget 
the influence of older data so that the KL expansion can 
quickly adapt to new profile patterns (see Figure 2). 

A critical point in the above adaptive application of the KL 
expansion is the selection of the subspace order L, alterna- 
tively defined as the number of modes retained in the expan- 
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Figure 2. More emphasis can be placed on the most re- 
cent data by multiplying the data through a 
weighting function. 

sion. A small value could fail to capture all the significant 
patterns in the particular window of data leading to poor dis- 
turbance predictions. On the other hand, selecting a large 
number of modes will capture the significant profile features, 
but data filtering would be reduced since some of the in- 
cluded modes would correspond to noise or insignificant pat- 
terns, which we do not want to model. A criterion is needed 
for the selection of the number of modes; below, we give two 
criteria. 

% Variunce Crirerion. Here the number of significant 
modes is selected to satisfy a desired value of % variance, as 
shown in Figure 3. It is simple to implement on-line and works 
very well when the data do not contain significant additive 
white noise. However, as the signal-to-noise ratio decreases, 

Figure 3. Typical plot of scaled eigenvalues and % vari- 
ance. 
Dashed line is the best fit line passing through the last 14 
CD positions, thus picking six significant modes. 

it becomes increasingly more difficult to specify the cut-off 
value for the desired percent variance. Too small a value fil- 
ters the noise but misses some significant modes, while too 
large a value would start modeling the noise. 

For additive white noise, the 
% variance varies almost linearly with the number of modes, 
since each noise mode contributes almost equally to the total 
variance. To separate these modes from the rest, the % vari- 
ance is differenced and plotted against the number of modes. 
Differencing amplifies the contribution of the modes which 
correspond to the noise-free signal, thus making the cut-off 
point less ambiguous. When normalized by the % variance 
contribution of the most significant mode, this plot is equiva- 
lent to the distribution of the scaled eigenvalues Ai/Amax. The 
distribution curve starts with a large slope (due to the most 
significant modes) and reaches an almost straight line with a 
small slope (due to insignificant modes and additive noise), 
as shown in Figure 3. This test has also appeared in the fac- 
tor analysis literature (Cattell, 1966) as the “scree” test. Here 
we implement this criterion on-line by discarding the modes 
which are aligned on a straight line in the least-squares sense 
by checking the coefficient of determination r 2  of the line 
against a preset desired value. 

Scaled Eigenuulues Criterion. 

Modeling of temporal modes 
We have shown how the KL expansion can be used adap- 

tively to identify the significant patterns in the measure- 
ments. However, for control purposes, we need a dynamic 
model to describe the profile. In the subspace defined by the 
KL expansion, this implies that we need to model the spatial 
{@“I} and temporal (u,(k)} modes and use their predicted 
values to reconstruct the profile P steps into the future. The 
temporal modes are modeled using rth order linear autore- 
gressive models AR(r) 

(12) 

e, is the residual of the AR fitting of the nth temporal vec- 
tor. e(n,i)  is the autoregressive coefficient i ( i  = 1, . . . r), for 
the nth temporal vector. P-step full profile predictions are 
then computed from 

In the above expression we assume that the spatial eigenvec- 
tors @n) remain constant for the entire prediction horizon, 
but they are updated at every sampling time k.  h, is the esti- 
mate of the nth temporal vector. 

In general, the selection of the order of the AR processes 
requires several tests based on criteria such as the Akaike 
Information Criterion. However, such tests require consider- 
able computation time, if they are to be performed at every 
sampling time. Therefore, in the simulations we have fixed 
the order to one (r = 1) and two (r  = 2) and evaluated the 
overall results, accordingly. Next, we present some examples 
to demonstrate the application of the method for batch and 
on-line analysis. 
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Batch Analysis 
In this section we apply the KL expansion to three types of 

stochastic disturbance profiles. To easily convey the main 
ideas, the analysis is first done in a batch manner deferring 
the on-line features to a later example: data are generated 
and stored in matrix Z; they are subsequently time-averaged 
and KL expansion is applied; finally, the reconstructed pro- 
file is generated based on the number of modes selected by 
our criterion. 

Example 1: Uncorrelated white noise profile 
The entire disturbance profile is composed of uncorrelated 

two-dimensional white noise with zero mean and identity co- 
variance matrix. Theoretically, since the data are completely 
uncorrelated, the KL decomposition should produce N equal 
eigenvalues. However, in practice, the randomness of the data 
is as good as the algorithm used to generate them. Increasing 
the number of samples taken makes the data generated ap- 
proach better a “true”2-D white noise profile. Figure 4 shows 
a plot of the % variance and the scaled eigenvalues of a white 
noise profile where 50,000 full-scan samples were generated. 
One can see that the eigenvalues are very close to each other, 
whereas the % variance plot is linear. The linearity of the % 
variance plot is characteristic of a profile where the data are 
completely uncorrelated. All directions are equally likely; 
therefore, all eigenvalues are almost equal. 

For such a profile, our selection criterion indicates that zero 
modes should be used and that the profile should be de- 
scribed by its mean. 

Example 2: Autoregressive profile driven by spatially 
correlated white noise 

Frequently in the literature (such as Bergh and MacGre- 
gor, 19871, the disturbance profile is modeled as an autore- 
gressive process driven by white noise that is spatially corre- 
lated. For illustration purposes, we assumed a first-order au- 
toregressive model of the form 

1 100 
\ 
! 

/ 180 

5 10 15 
Mode Number 

Figure 4. Scaled eigenvalues (--I and % variance plots 
(-) for an uncorrelated white noise profile. 

0.931 

y ( k )  is the measurement noise-free CD profile vector at time 
k where w(k) is an N-dimensional white noise vector with 
zero mean and a Toeplitz symmetric covariance 

and z ( k )  is the measured profile at time k corrupted by mea- 
surement noise o(k )  which was assumed to be uncorrelated 
white noise with signal-to-noise ratio equal to 5. a: is the 
variance of each lane. 

p, the degree of correlation between adjacent lanes, can 
assume values between 0 and 1, implying pure randomness 
and complete correlation in the CD direction, respectively. 
We can argue intuitively that when p is very small, the KL 
expansion will need a lot more modes to describe the profile 
than when p is large. In the limit, when p is zero, all N 
modes will be needed, whereas when p = 1, only one mode 
will be sufficient. 

Figure 5a illustrates the % variance and the scaled eigen- 
values resulting from a KL expansion of the data matrix for 
three p values. Notice the similarity in the shape of both 
curves for p = O  with the curves of the white noise profile 
analyzed above. Another indication of the correlation be- 
tween adjacent lanes can be seen in Figure 5b where the first 
spatial mode is plotted as a function of p. One can see that 
the spatial excitation of the mode is reduced as p increases. 

For p = 0.8, our selection criterion indicated that 6 modes 
are necessary to capture the significant profile patterns. For 
this case, the measurement noise-free profile to be approxi- 
mated is shown in Figure 6a, whereas its reconstructed pro- 
file is shown in Figure 6b. Comparison shows that projection 
of data to a lower dimensional subspace filters the high fre- 
quency modes of the profile. The difference between the 
original (measured) profile and the reconstructed one is 
shown in Figure 7a, whose 2-D cross-correlation shown in 
Figure 7b suggests that the reconstruction error has white 
noise characteristics. 

Example 3: Autoregressive profile driven by white noise 
fibered through a Toeplitz disturbance gain matrix 

An alternative representation of the disturbance profile is 
to assume that spatially uncorrelated white noise is inte- 
grated through a Toeplitz disturbance gain matrix (Rawlings 
and Chien, 1996) 

where G is a Toeplitz symmetric matrix; w has zero mean 
and covariance Q, = qZ,,,; ( I N  is an identity matrix of size N )  
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Figure 5. (a) Scaled eigenvalues and % variance for an 
AR profile with covariance given by Eq. 15 for 
different p values; (b) corresponding first KL 
spatial vectors. 

and the other quantities are as described in the previous ex- 
ample. This disturbance is different from the previous one, 
given by Eqs. 14 and 15, due to the fact that both C and G 
are constrained to be Toeplitz symmetric. Given C, in gen- 
eral, one cannot find a corresponding Toeplitz symmetric G .  
Under limiting conditions, however, the two representations 
coincide: a full G matrix with all its elements equal corre- 
sponds to a C with p = 1; a diagonal G matrix corresponds to 
a C matrix with p = 0. The more nonzero bands G has, the 
more CD lanes will be correlated. 

For G = Toeplitz[l .8 .6 .4 .2 0 ... 01 of size 20x20 with 
diagonal elements equal to 1, first upper and lower diagonal 
entries are equal to .8, and so on, and a representative mea- 
surement noise-free profile is illustrated in Figure 8a, whereas 
its reconstructed one using seven modes selected by our cri- 
terion is shown in Figure 8b. A comparison of the original 
profiles in Figures 6a and 8a indicate that matrix G acts as a 
“filtering” mechanism to the input noise. 

Figure 6. (a) Original measurement noise-free profile 
with p=O.8; (b) reconstructed profile using 
six modes. 

The scaled eigenvalues and the % variance of the disturb- 
ance profile generated with different G matrices is shown in 
Figure 9a. Again, the conclusions are similar to the previous 
case: The more correlated the CD lanes are, the less modes 
are needed to effectively describe the disturbance profile. 

Finally, for the profile shown in Figure 8a, the first and 
eighth temporal modes are shown in Figure 9b. The eighth 
temporal mode which is the first mode not included in the 
KL expansion is a lot noisier than the first one, an indication 
that it attempts to model higher frequency noise contribution 
or less significant profile patterns. 

Adaptive Analysis 
As discussed in the previous section, due to the nonstation- 

ary nature of disturbances, the KL procedure needs to be 
repetitively applied at every sampling time to take advantage 
of the new measurements. Furthermore, since we are primar- 
ily interested in making P-step ahead predictions of the dis- 
turbance profile, it becomes obvious that old data need to be 
discarded; otherwise, the effect of emerging disturbances will 
not be quickly identified leading to possibly poor profile pre- 
dictions. 

In this section we will illustrate through a simulation exam- 
ple the adaptive application of the method and discuss the 
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Figure 7. (a) Residual between original and reconstruct- 
ed profile; (b) residual cross correlation. 

effect of the window size selection, and the order of the AR 
model used for the temporal modes. Also, we will show how 
exponential weighting of the data matrix prior to the applica- 
tion of the KL expansion leads to better disturbance predic- 
tions during transition regions. 

Example 4: A disturbance profile composed of sinusoids 
The profile is composed of three sections with different 

frequency characteristics and varying CD correlation. Such 
variations may be attributed to inconsistencies in pulp flow 
rate and chemistry coming out of the headbox. We have as- 
sumed that the disturbance can be modeled as a linear com- 
bination of three patterns 

, k = 1, ... , 1,000 

[O.Ssin( 7 + 6 , ( n )  ) , k = l ,  ... ,500 

(20 - 0.05Kk - 499) /2)1~ 
K 

(n - l ) ~  
k = 501, . . . , 1,000, 6,(n) = - I 2 ( N  - 1) 

Figure 8. (a) Original measurement noise-free profile for 
a 9-diagonal G matrix; (b) reconstructed pro- 
file using seven modes. 

( 4; + 4~(1,000- k + l ) n  
Y3(n ,k )  =sin - 

KN 

k = l ,  ... , 1,000 (17) 

where K = 1,000, N = 20, and 1x1 rounds x to the nearest 
integer that is smaller than x .  The distinguishing features of 
the above patterns are the following: 

Yl describes a profile with MD variations only. (Y  is the 
measurement noise-free profile.) 

Yz uses a spatially varying phase shift 6 2  to allow for 
nonuniform velocity profiles among the CD lanes. Further- 
more, its temporal evolution is much faster than for Yl and it 
allows for more complicated MD variations. In general, when 
the arguments of the sinusoids are functions of both the MD 
and CD locations, the generated profile has its peaks and 
troughs change lanes as a function of time producing a 
“wandering” effect. When these expressions are linear, the 
lane shifting is also a linear function of position. 

Y3 allows for nonlinear “wandering.” We used a simple 
nonlinear dependency of the MD and CD positions in the 
argument of the sinusoid. 

The sections of the disturbance profile are as follows: 
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Figure 9. (a) Scaled eigenvalues and % variance for an 
AR profile given by Eq. 16 for different G ma- 
trices; (b) first and eighth temporal modes for 
a 9-diagonal G matrix. 

Section I :  MD Positions 1 to 500. Only MD disturbances 
are assumed, hence, only Yl is included. 

Transition Region I :  MD Positions 501 to 600. In addi- 
tion to the MD-only disturbances, CD variations in the form 
of Y2 are also beginning to appear in a gradual way. 

Section 2: MD Positions 601 to 900. Y, and Y2 are both 
present. 

Transition Region 2: MD Positions 901 to 1,000. The 
MD-only disturbances Y, gradually disappear leaving Y2 as 
the only disturbance. 

Transition Region 3: MD Positions 1,001 to 1,100. Non- 
linear wandering effects are introduced through Y3. 

Section 3: MD Positions 1,101 to 1,500. Y2 and Y3 are 
both present. 

Figure 10 shows a 2-D contour plot of the entire profile 
with the dashed lines indicating the beginning and end of the 
transition regions. Notice how the uniform CD profile in sec- 
tion 1 is replaced by CD variations where the peaks are lin- 
early evolving in section 2, and how they are drifting among 
adjacent lanes in section 3. 

2or--- 
8 

5 

L 
200 400 600 800 1000 1200 1400 

MD Position 

Figure 10. 2-D contour plot of the measurement noise- 
free profile used in subsequent simulations. 
Dashed lines outline the beginning and end of the transi- 
tion regions. 

Eflect of the window size W 
To examine the effect of the window size W on the number 

of modes selected, we simulated the above profile for two 
window sizes, W = 200, and W = 100. The results are pre- 
sented in Figures l l a  and b, respectively. The main conclu- 
sions that can be drawn from these plots are: 

On average, the number of modes selected is higher for 
W = 200. This is because a larger profile contains more infor- 
mation which requires more modes to describe it. 

There is less mode switching for the larger window size, 
because the effect of the inclusion of the new data vector is 
smaller than when the window size is smaller. 

The above remarks suggest that the window size should be 
viewed as a tuning parameter. It should be stressed that apart 

.,51 1 

Iteration 
Figure 11. Number of modes selected using the crite- 

rion of scaled eigenvalues for window sizes 
W=200, and W=lOO. 
Dotted lines define the boundaries of the transition re- 
gions. 
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from correctly identifying the disturbance profile, our second 
main objective is to use the KL procedure for profile predic- 
tions. Consequently, the building of a dynamic model for a 
fast changing disturbance profile should rely on recent data 
as the inclusion of older data would hinder the tracking of 
the emerging disturbances. On the other hand, a very small 
window size would make the parameters of the dynamic 
model more sensitive causing “aggressive” profile predictions 
which is also undesirable. 

Effect of the order of AR model and frequency of 
parameter upakting 

To assess the effect of the autoregressive modeling on the 
profile predictions we performed simulations for three cases: 
(a) when the temporal modes are modeled using an AR(1) 
process whose parameter is updated at every sampling time; 
(b) same as (a) but an AR(2) model is used; (c) an AR(2) 
model is used again, but its parameters are updated only when 
the number of modes changes. Of course, as it was men- 
tioned earlier, a more elaborate approach would identify the 
most appropriate model order by using an Information Crite- 
rion, but this is a very time-consuming operation and it was 
omitted in the on-line implementation. In all the simulations 
the window size was set to 200 and the data were equally 
weighted. 

The sum of square prediction errors normalized by the 
number of data points (NSSPE) for P = 1 and P = 10 are 
shown in Table 1 for each data region separately. The results 
indicate that for all regions an AR(2) model yields better re- 
sults than using an AR(1) model. We have also done simula- 
tions with an AR(3) model, but the results were very similar 
to the ones obtained using an AR(2) model and hence are 
not shown here. The fact that an AR(2) model is deemed 
appropriate is, of course, related to the profile under consid- 
eration. If an “easier”profi1e were to be modeled, perhaps 
an AR(1) model would be as effective as an AR(2) model. 
More interesting, however, are the results from case (c) where 
the parameters of the AR(2) model are updated only during 
mode changes. For the profile at hand, this occurred only 
seven times as seen in Figure lla, therefore saving significant 
computation time. The results indicate that the additional 
NSSPE generated by not constantly updating the parameters 
of the AR model has increased on the average for the entire 
simulation by 12% for P = 1, and 23% for P = 10. The reason 
we do not see a much higher error may be attributed to the 
fact that the AR parameters change drastically only during 
transitions 1 and 3 (Figure 12). We also considered the case 

0.81 I 
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Figure 12. 
Iteration 

AR coefficients for the first temporal mode, 
O(1,l) O(1,2), as functions of the iteration 
number for cases (b) and (c) discussed in 
the text. 

where the parameters were not updated at all. We used the 
AR parameters evaluated at k = 1,050 to simulate the re- 
maining of the profile. For P = 1, the NSSPE for region 3 
jumped to 0.0310, a 265% increase over case (b), justifying 
the adaptation. 

Effect of data weighting 
As discussed earlier, in order to improve profile predic- 

tions spatially uniform weighting may be applied to the data 
window prior to the application of the KL procedure. In this 
way the more recent full profile data vectors will be more 
influential in the estimation of the AR parameters. There 
are, of course, several different shapes the weighting function 
can take. Such a weighting can be easily accomplished by ap- 
plying a matrix operator F on the data matrix Z. Here, we 
assumed F to be diagonal, with its diagonal elements taking 
on values between 0 and 1. We let the most recent N data 
vectors have weights equal to 1 and the remaining W -  N 
data vectors be exponentially weighted (see Figure 2). 

We simulated our profile with window W = 200 using an 
AR(2) model. The number of modes selected by our criterion 
is illustrated in Figure 13. Table 2 shows the NSSPEs for 
P = 1, and 10 for the different regions of interest. One can 

Table 1. NSSPE for ARW, AR(21, and AR(2) with Infrequent Parameter Updating (Only When Number of Modes Change) for 
P = 1, and P = 10 

Region 1 Transition 1 Region 2 Transition 2 Transition 3 Region 3 
P = l  

AR(1) 0.0026 0.0109 0.0056 0.0061 0.0117 0.0106 
AR(2) 0.0010 0.0094 0.0034 0.0040 0.0101 0.0085 
AR(2)+ infreq. upd 0.0011 0.0096 0.0044 0.0046 0.0102 0.3096 

P -10  
AR( 1 ) 0.0715 0.1215 0.1359 0.1227 0.0607 0.071 1 
AR(2) 0.0058 0.0364 0.0661 0.0641 0.0384 0.0432 
AR(2) + infreq. upd 0.0071 0.0474 0.0860 0.0710 0.0432 0.0566 
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rion of scaled eigenvalues for exponentially 
weighted data. 
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see the significant improvement in the NSSPE values of the 
weighted case over the equally weighted case during transi- 
tion regions, while the results are comparable for regions 1, 2 
and 3. 

Eflect of the number of modes on P-step ahead predictions 
Figures 14a and 14b show one profile section. Using the 

KL expansion adaptively with W = 200, equal data weighting, 
and modeling of the temporal modes using an AR(2) model, 
the profile’s one- and 10-step ahead predictions are shown in 
Figures 14c and 14d, respectively. It is clear that the identifi- 
cation (or modeling) procedure has been able to effectively 
filter the measurement noise and capture the profile patterns 
for both P = 1 and P = 10. Most importantly, the number of 
modes selected using our criterion during this successive ap- 
plication of the algorithm was two or three only (see also 
Figure 1 la), achieving significant data compression. On the 
other hand, if instead of using our modes selection algorithm, 
we fixed the number of modes throughout the entire simula- 
tion period to one or two modes only, in order to obtain even 
higher data compression, we would fail to take into account 
some significant variations as shown in Figure 15b, where the 
number of modes is fixed to one. Figure 15a exhibits the same 
result by plotting the error between the measurement noise- 
free profile and one-step ahead predicted profiles, where the 
number of modes is fixed to one or two. 

The retained temporal modes for the window at k = 760 

are illustrated in Figure 16a. We notice that as we move from 
the first mode to the third, the noise content increases as 
expected. We also notice that the peaks and troughs are not 
occurring at the same MD locations. This out-of-phase be- 
havior should be compared with the original noise-free pro- 
file (Figure 14b) whose individual lanes exhibit exactly the 
same phenomenon (Figure 16b), and is clearly missed when 
the profile is modeled using one mode only (Figure 15b). 

To further assess the importance of the number of modes 
that should be retained in the KL expansion, we performed 
simulations with the number of modes fixed throughout the 
entire period, and evaluated the NSSPE for comparison pur- 
poses. We simulated the profile with l, 2, 3, 4, 5, and 10 
modes for P = 1 and P =  10. The results are tabulated in 
Table 3 for each region separately. The following conclusions 
can be drawn. 

For all regions, when the number of modes selected is 
smaller than what our selection criterion indicated, the 
NSSPE deteriorates significantly. 

Depending on the region, the inclusion of more modes 
than what our selection criterion indicates may or may not 
produce a better NSSPE. In particular, for P = 10, even when 
10 modes are included, the NSSPEs are almost the same as 
what we get by applying the selection criterion. For P = 1, 
the NSSPEs for regions 1 and 2 indicate that there is no ad- 
vantage of increasing the number of modes. For the transi- 
tion regions, however, it appears that incorporating more 
modes than what our criterion suggests yields a better NSSPE. 
This can be explained by the fact that our criterion cannot 
immediately identify the beginning of the transition region, 
thus the increase in NSSPE. Comparison of these results with 
the exponentially weighted case shown in Table 2, however, 
indicates that for P = 1 the results are very similar, whereas 
for P = 10, the weighted case is overall superior to the best 
constant mode case. 

Above a certain number of modes (which depends on 
the region) the inclusion of more modes produces no advan- 
tage at all as expected, since the additional modes have a 
very small magnitude and correspond to noise. 

Overall, the results of this table indicate that using our se- 
lection criterion, we are able to effectively describe the dis- 
turbance profile, while achieving the “best”possib1e cornpres- 
sion ratio, in the sense that the inclusion of more modes does 
not necessarily reduce the NSSPE appreciably. 

Example 5: Disturbance profile composed of sinusoids and 
high frequency components 

Here, we will combine the behaviors of the previous two 
examples. Specifically, we will add to the profile composed of 
sinusoids an autoregressive profile driven by white noise fil- 

Table 2. NSSPE for Equally and Exponentially Weighted Data for P = l, and P = 10 Using AR(2) Model and W = 200 

Region 1 Transition 1 Region 2 Transition 2 Transition 3 Region 3 
P = l  

Equally weighted data 0.0010 0.0094 0.0034 0.0040 0.0101 0.0085 
Exponentially weighted data 0.001 1 0.0059 0.0035 0.0038 0.0068 0.0061 

P=lO 
Equally weighted data 0.0058 0.0364 0.0661 0.0641 0.0384 0.0432 
Exponentially weighted data 0.0058 0.0336 0.0680 0.0558 0.0274 0.0301 
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Figure 14. (a) Representative measured profile, (b) corresponding measurement noise-free profile (c), (d) 1 and 
10-step ahead predicted profiles for W = 200, using an AR(2) model for the temporal modes. 

Figure 15. (a) One-step ahead prediction errors; (b) one-step ahead predicted profile fixing the number of modes to 1. 
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Figure 16. (a) Retained temporal modes at k = 760; (b) 
three lanes from the original noise-free 
profile. 
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Figure 17. 2-D contour plot of the measurement noise- 
MD Position 

free profile used in the fifth example. 

tered through a Toeplitz disturbance gain matrix. The addi- 
tion of the autoregressive profile allows for higher frequency 
input variations that enter through the headbox and cannot 
be modeled as sine waves to be included in the overall dis- 
turbance model. The profile is expressed as 

where ySi, is given by Eq. 17; y,, is given by Eq. 16, with G 
being the 9-diagonal matrix used before; f is a scalar regulat- 
ing the relative magnitude of y,, vs. ysin. Here, we chose f to 
be such that the mean standard deviation of ysin is twice that 
of yar. z ( k )  is the measured profile at time k corrupted by 
measurement noise v(k), assumed white, with signal-to-noise 
ratio equal to 5. 

The 2-D contour plot of the disturbance profile is shown in 
Figure 17. Comparison of this profile with that in Figure 10 
indicates that the addition of the autoregressive term made 
the profile a lot more irregular than before in both the MD 
and CD directions. There is now no distinction between re- 
gions 1 and 2, whereas one can still distinguish the nonlinear 

Table 3. Comparison of NSSPEs for Cases where Number of Modes is Kept Constant to 1,2,3,4,5, and 10, and When 
Using the Mode Selection Criterion with AR(2), for P = I, and P = 10 

Region 1 Transition 1 Region 2 Transition 2 Transition 3 Region 3 

P = l  

Mode selection 0.0010 0.0094 0.0034 0.0040 0.0101 0.0085 
1 mode 0.0010 0.0379 0.0714 0.0694 0.0895 0.1255 
2 modes 0.0010 0.0076 0.0117 0.0158 0.0841 0.0377 
3 modes 0.0010 0.005 1 0.0034 0.0040 0.0138 0.0080 
4 modes 0.0011 0.0050 0.0034 0.0040 0.0076 0.0059 
5 modes 0.001 1 0.0050 0.0035 0.0040 0.0065 0.0059 
10 modes 0.001 1 0.0050 0.0036 0.0041 0.0066 0.0059 

P=lO 
Mode selection criterion 0.0058 0.0364 0.0661 0.0641 0.0384 0.0432 

1 mode 0.0058 0.0548 0.1305 0.1187 0.1324 0.1707 
2 modes 0.0058 0.0361 0.0735 0.0738 0.1246 0.0710 
3 modes 0.0058 0.0355 0.0661 0.0641 0.0418 0.0434 
4 modes 0.0058 0.0355 0.0661 0.0641 0.0376 0.0427 
5 modes 0.0058 0.0355 0.0661 0.0641 0.0376 0.0427 
10 modes 0.0058 0.0355 0.0661 0.0641 0.0376 0.0427 
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Figure 18. Number of modes selected using the crite- 
rion of scaled eigenvalues for equally 
weighted data for the profile illustrated in 
Figure 17. 
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wandering effect in section 3. The number of modes selected 
using our criterion is shown in Figure 18 for W =  200 using 
equally weighted data. If the disturbance profile were com- 
posed solely of y,,, six modes would have been needed 
throughout. Now that it is composed of two terms, the num- 
ber of modes selected is not the sum of the modes required 
by each profile separately. This occurs because of two rea- 
sons: (a) profiles ysin and y,, are not orthogonal to  each other; 
(b) a disturbance pattern, considered important enough to  be 
included in the expansion for any of the two profiles sepa- 
rately, may be treated as negligible in the overall profile. 

Conclusions 
We presented a procedure for the on-line identification of 

full profile disturbance models for sheet forming processes. 
We showed how the KL expansion can be applied on-line to 
reveal the significant patterns of the disturbance profile, while 
providing noise filtering and data compression. We illus- 
trated how to compute P-step ahead disturbance predictions 
by modeling the temporal modes through low-order linear 
autoregressive processes. The effect of the window size used 
in the expansion, the order of the AR model as well as the 
frequency of updating its parameters, the effect of data 
weighting, and the significance of the number of modes re- 
tained in the expansion were illustrated through simulation 
examples. The advantage of this method over others pre- 
sented elsewhere is that it makes no assumption about the 
structure of the disturbance, but rather it builds a disturb- 
ance model based on actual measurements. Under this 
framework, it is straightforward to transform these models 
into a state-space form, which facilitates the implementation 
of a control strategy such as model predictive control. 
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